GV semigroups and their GV subsemigroup lattices are investigated. In particularly, GV semigroups with ∧-semidistributive GV subsemigroup lattices are considered. A necessary and sufficient condition for GV semigroups to have ∧-semidistributive lattices of GV subsemigroups is given. Moreover, the corresponding results on completely regular semigroups are obtained.
Introduction and preliminaries
A semigroup S is called eventually regular if for every element a of S there exists m ∈ Z + (the set of positive integers) such that a m is regular. we refer to r(a) as the least positive integer m such that a m is regular. If every regular element of an eventually regular semigroup S is completely regular, then S is called GV semigroup. Semigroup theory concerning subsemigroup lattice has been investigated for more than four decades, especially by Shevrin and his colleagues. The reader can nearly find all these results in [7] . By using the same technique, inverse semigroups whose lattice of inverse subsemigroups is distributive, modular, etc were explored by Ershova. Furthermore, eventually inverse semigroups whose lattice of eventually inverse subsemigroups satisfies certain lattice type were considered by Tian,Z,J in [9] , [10] , [11] , respectively. In this paper, the authors apply the approach in [7] to describe an important eventually regular semigroup class.
The following two useful lemmas will be used many times in the sequel.
Lemma 1.1 ([8] ,Theorem 2.2) For a group G, the lattice SubgG of all subgroups of G is ∧-semidistributive if and only if it is distributive, if and only if G is a locally cyclic group.
xy ∈ x ∪ y for any x, y ∈ S. If a semigroup S is a U-semigroup as well as a nilsemigroup, then it is called a U-nilsemigroup. Let a semigroup S be an ideal extension of a semigroup T by a U-nilsemigroup, then S is called a Unilextension of T . A band S is named a left(right) zero band if ab = a(ab = b) for any a, b ∈ S. For a GV semigroup S, every regular element a of S exists and only exists an inverse of a which commutes with a according to the following lemma 1.3. Thus, we denote the unique inverse of a by a −1 . let S be a GV semigroup and A a subsemigroup of S. we say that A is a GV subsemigroup of S if for any a ∈ A ∩ RegS, a −1 ∈ A. Lemma 1.3 S is a GV semigroup if and only if S is an eventually regular semigroup and every regular element a of S has a unique inverse which commutes with a.
Suppose S is a GV semigroup and A a subset of S. we will denote by A the subsemigroup of S generated by A, by GV A the GV subsemigroup of S generated by A, by SubGVS the set of all GV subsemigroups( including the empty set) of S, and by SubGV ∨ S the set of all nonempty GV subsemigroups of S. It is clear that the set SubGVS forms a complete lattice with respect to intersection ∩ denoted by ∧ and union GV , denoted by ∨, where GV A, B refers to the GV subsemigroup generated by the union of subsets A and B of S. For a completely regular semigroup S, CR A denotes the completely subsemigroup of S generated by the subset of A of S and CR A, B denotes the completely regular subsemigroup of S generated by the union of subsets A, B of S. Obviously, we have the set SubCRS which refers to all completely regular subsemigroups (including the empty set) of S also forms a complete lattice with the operations ∨ and ∧, where
A semigroup S is called an epigroup, if for any a ∈ S, there exists n ∈ Z + such that a n lies in a subgroup of S. Especially, if an epigroup S only has an idempotent, then it is named unipotent epigroup. i.e. π-group. Given e ∈ E S , G e denotes the maximal subgroup of a semigroup S containing e and we put K e = {x ∈ S : x n ∈ G e for some n ∈ Z + }, then we define the relation κ = e∈E S (K e ×K e ). As we all know, the relation κ is an equivalent relation on an epigroup and K e (e ∈ E S ) is called a unipotency class of S. Moreover, if S is a GV semigroup, then K e = H * e for any e ∈ E S .
Lemma 1.4 ([2]
, Theorem 2.9) Let S be a GV semigroup, then S is a band of unipotent epigroups K e (e ∈ E S ) if and only if the relation κ(H * ) is a congruence on S.
For the terminology and notation which is not given here, the reader is referred to [1] , [4] , [7] .
Main Results
Lemma 2.1 Let S be a GV semigroup. If SubGVS is ∧-semidistributive,
Proof. First, we put A = GV ef , B = GV e = {e}, C = GV f = {f } for any e, f ∈ E S with e = f . If assume
Let A ∩ B = ∅. i.e. e ∈ GV ef . And there exists g ∈ E S such that ef ∈ K g since S is a GV semigroup. We first assume g = e. It is clear that GV ef ⊆ K g , e ∈ GV ef ⊆ K g and e ∈ K e , hence e ∈ K e ∩ K g , and so it contradicts the fact K e ∩ K g = ∅. Whence e = g, ef ⊆ GV ef ⊆ K e , thus ef ∈ K e .
Suppose there exist a ∈ K e , b ∈ K f such that ab / ∈ K e ∪ K f with e, f ∈ E S , e = f . Then there exists g ∈ E S \ {e, f } such that ab ∈ K g . Hence
Obviously, it is a contradiction and so
Let ef ∈ K e for any e, f ∈ E S with e = f and assume there exist a ∈ K e , b ∈ K f such that ab ∈ K f . Hence
and since there exists n ∈ Z + such that a n ∈ G e , whence a n f = aa · · · f n = (af ) n , a n = a n e and a n ef = a n f = (af )
From the proof of this lemma, we have the following corollaries easily.
is a congruence on S, that is, a band of unipotent epigroups K e (e ∈ E S ). Corollary 2.3 Let S be a GV semigroup. If SubGV S is ∧-semidistributive, then {K e , K f } is a left(right) zero band or chain for any e, f ∈ E S . Corollary 2.4 Let S be a GV semigroup. If SubGVS is distributive, then S is a band of unipotent epigroups K e (e ∈ E S ) and {K e , K f } is a left(right) zero band or chain for any e, f ∈ E S . Lemma 2.5 Let S be a GV semigroup. If SubGVS is ∧-semidistributive, then K e is a U-nilextension of a locally cyclic group G e for any e ∈ E S .
Proof. Let SubGVS be ∧-semidistributive, so is SubgG e for any e ∈ E S . And so G e is a locally cyclic group by lemma 1.1. Clearly, the interval [G e , K e ] of SubGVS is isomorphic with SubK e /G e \{∅}, hence SubK e /G e is ∧-semidistributive lattice, and so K e /G e is a U-nilsemigroup by lemma 1.2. Lemma 2.6 Let S be a GV semigroup. If SubGVS is ∧-semidistributive, then xy, yx ∈ GV x ∪ GV y ∪ G e for any x, y ∈ K e , e ∈ E S .
Proof. Let S be a GV semigroup. Then K e is a subsemigroup of S, hence xy ∈ K e for any x, y ∈ K e . Thus we can prove the lemma from two cases.
If xy ∈ K e \G e . Then x, y both lie in K e \G e since G e is an ideal of K e . Next we denote by "•" the operation in K e /G e , denote by "·" the operation in K e . Hence we have x · y = x • y since in K e /G e the product of two elements in K e \G e is the same as their product in K e if the product is in K e \G e . Whence, by lemma 2.5 x • y = x · y = x ∪ y where x or y refers to the subsemigroup generated by x or y under the operation " • ". Obviously, x • y = 0, hence
the order of x is r(x) which denotes the nilindex of x, and so all elements of x except 0 can be found in x which is the subsemigroup generated by x under the operation " · ". Thus
Lemma 2.7 Let S be a GV semigroup. If SubGVS is ∧-semidistributive, then K e ∨ K f = K e ∪ K f for any e, f ∈ E S and RegS is a completely regular semigroup.
Proof. Let S be a GV semigroup whose SubGVS is ∧-semidistributive, then K e K f ∪K f K e ⊆ K e ∪K f by lemma 2.1, and so we deduce
Clearly, RegS = e∈E S G e since S is a GV semigroup, and so in effect we only need to prove the union of G e is a subsemigroup of S for all e ∈ E S . We assume {K e , K f } is a left zero band, then for any
Thus G e ∪ G f is a subsemigroup of S. Similarly, we can show G e ∪ G f is a subsemigroup of S when {K e , K f } is a right zero band or chain. Repeating the processes, we have e∈E S G e is a subsemigroup , that is, RegS is a completely regular semigroup.
By lemma 2.7, we have the following corollary.
Corollary 2.8 Let S be a GV semigroup whose SubGVS is ∧-semidistributive, then for any e, f ∈ E S ,
As the proof of lemma 2.6, we get the following important lemma.
Lemma 2.9 Let S be a GV semigroup. If SubGVS is ∧-semidistributive, then xy, yx ∈ GV x ∪ GV y ∪ G e ∪ G f for any x ∈ K e , y ∈ K f with any e, f ∈ E S , e = f .
Proof. First let {K e , K f } be a left(right) zero band for any e, f ∈ E S . By corollary 2.8, it follows that G e ∪ G f is the ideal of K e ∪ K f . Hence Sub((K e ∪ K f )/(G e ∪ G f ))\∅ is isomorphic with the interval [G e ∪ G f , K e ∪ K f ], and so
is a U-nilsemigroup by lemma 1.2, thus we can show xy, yx ∈ GV x ∪GV y ∪ G e ∪ G f as in the proof of lemma 2.6. Now, let {K e , K f } be a chain for any e, f ∈ E S , then {K e , K f } must be a semilattice. Hence we get SubGV(K e ∨ K f ) = subπ(K e ∨ K f ) by lemma 1.6, and so xy, yx ∈ GV x ∪ G e or xy, yx ∈ GV y ∪ G f according to the corresponding results of lemma 4 in [10] .
Corollary 2.10 Let S be a GV semigroup. If SubGVS is ∧-semidistributive, then S\RegS is a U-partial subsemigroup.
Next, we state the main theorem of the section. Theorem 2.11 let S be a GV semigroup and SubGVS ∧-semidistributive if and only if
{K e , K f } is a left(right) zero band or chain and K e is a U-nilextension of a locally cyclic group G e for any e, f ∈ E S ; (2)
S\RegS is a U-partial subsemigroup.
We should continue to prove the following lemmas in order to prove the theorem.
Lemma 2.12 Let S be a GV semigroup and , then
Proof. For any a ∈ K e , b ∈ K f with any e, f ∈ E S , then ab, ba ∈ K e ∪ K f according to condition (1) of theorem 2.11. Hence K e , K f = K e ∪ K f , and so
Similarly, we have
The next lemma plays an important role in proving theorem 2.11.
Lemma 2.13 Let S be a GV semigroup which satisfies condition (1) of theorem 2.11 and B, C ∈ SubGVS. If GV B, C ∩ G e = ∅ implies e ∈ B ∩ C for any e ∈ E S , then GV B, C = B, C .
Proof. In fact to prove GV B, C = B, C only need to prove a −1 ∈ B, C for any regular element a of B, C . Let any a ∈ B, C ∩ RegS, then there exists e ∈ E S such that a ∈ G e , hence a ∈ B, C ∩ G e ⊆ GV B, C ∩ G e , and so there exist a 1 , a 2 , · · · , a n ∈ B ∪ C such that a = a 1 a 2 · · · a n for n ∈ Z + . Next, we use the induction on n.
If n = 1, a = eae clearly.
If n > 1, we put y = a 2 a 3 · · · a n , then a = a 1 y = ea 1 ye, hence ea 1 ∈ K e or ye ∈ K e by condition (1) of theorem 2.11. Without loss of generality, suppose ea 1 ∈ K e , then ea 1 = e(ea 1 ) ∈ G e , hence ea 1 = ea 1 e, thus a = (ea 1 e)(eye) where eye ∈ K e , eye ∈ G e . According to the same way, we have eye = ea 2 a 3 · · · a n e = (ea 2 e)(ea 3 e) · · · (ea n e), hence a = (ea 1 e)(ea 2 e) · · · (ea n e) and e ∈ B ∩ C by GV B, C ∩ G e = ∅. Thus
therefore (ea i e) −1 ∈ (B ∪ C) ∩ G e by B, C ∈ SubGVS. And since a −1 is the group inverse of a and a, ea i e both lie in G e , hence
Now we begin to prove theorem 2.11 using the above lemmas .
Proof. The necessity of theorem 2.11 can be easily proved by lemma 2.1, lemma 2.5 and lemma 2.9.
To prove the sufficiency, let A, B, C ∈ subGVS with A ∩ B = A ∩ C. Next we should prove A ∩ GV B, C = A ∩ B. Suppose any x ∈ A ∩ GV B, C , then there exists e ∈ E S such that x ∈ K e . Hence we analyze it from two cases.
If
S\RegS is a U-partial subsemigroup. Hence B ∈ SubGVS. Dually, we have B ∈ SubGVS when {K g , K f } is a left zero band or chain. Thus B ∈ SubGVS. We first suppose {K e , K f } is a left zero band, then xy ∈ K e . If xy ∈ G e , then e ∈ B ∩ E S , thus xy ∈ G e ⊆ B . If xy ∈ K e \G e , then xy ∈ GV x ∪ GV y ⊆ B ∪ C since S\RegS is a U-partial subsemigroup. Therefore GV B , C = B , C = B ∪ C by B , C ∈ SubGV S .
And since x ∈ A ∩ GV B, C ⊆ A ∩ GV B , C = A ∩ (B ∪ C ) = (A ∩ B ) ∪ (A ∩ C ) with x / ∈ G e , hence x ∈ B ∪ C, thus x ∈ A ∩ (B ∪ C) = A ∩ B = A ∩ C. If x ∈ G e , Clearly we get x ∈ B ∪ C by the above analysis and e ∈ B ∪ C with e ∈ A, hence e ∈ A ∩ (B ∪ C), thus e ∈ A ∩ B ∩ C for A ∩ B = A ∩ C. By lemma 2.13, we have x ∈ B ∩ G e , C ∩ G e and SubgG e is distributive by G e is a locally cyclic group. Obviously, A ∩ G e , B ∩ G e , C ∩ G e ∈ SubgG e , hence x ∈ (A ∩ G e ) ∩ B ∩ G e , C ∩ G e = (A ∩ G e ) ∩ (B ∩ G e ), (A ∩ G e ) ∩ (C ∩ G e ) = A∩B∩G e , A∩C∩G e = A∩B∩G e , thus x ∈ A∩B, i.e. A∩GV B, C ⊆ A∩B.
Up to now, we have shown A ∩ GV B, C = A ∩ B, that is, SubGVS is ∧-semidistributive.
From the theorem, we can obtain the corresponding result on a completely regular semigroup .
Theorem 2.14 Let S be a completely regular semigroup and SubCRS ∧-semidistributive if and only if {G e , G f } is a left(right) zero band or chain where G e or G f is a locally cyclic group for any e, f ∈ E S .
